Abstract. Let k be a perfect field of a positive characteristic p, K -the fraction field of the ring of Witt vectors W k. Let X be a smooth and proper scheme over W k. We present a candidate for a cohomology theory with coefficients in crystalline local systems: p-adicétale local systems on XK characterized by associating to them so called Fontaine-crystals on the crystalline site of the special fiber X k . We show that this cohomology satysfies a duality theorem.
Introduction
In this article we prove a duality theorem in the cohomology of crystalline local systems.
Let k be a perfect field of a positive characteristic p, K -the fraction field of the ring of Witt vectors W(k). Let X be a smooth and proper scheme over W(k). In [5] Faltings introduced the notion of crystalline local systems: p-adicétale local systems on X K characterized by associating to them so called Fontaine-crystals on the crystalline site of the special fiber X k .Étale cohomology sheaves, generic fibers of finite flat p-group schemes on X, and Tate-twists tend to form such systems.
We present here a candidate for a cohomology theory with such coefficients. In the particular case of the Tate-twists Z=p n (r), r > 0, it is equal to the syntomic cohomology introduced by Fontaine and Messing [7] . In general, it should be thought of as a p-torsion analogue of the arithmeticétale cohomology of X with coefficients in locally constant sheaves with torsion different from p.
Pursuing this analogy one would expect that, in the case k is finite, these cohomology groups would satisfy certain duality. We show here that this is indeed the case. This is done by a careful study of a map from our cohomology to theétale cohomology of X K and follows from Faltings comparison theorem between crystalline andétale cohomologies, and the crystalline,étale, Galois, and Bloch-Kato dualities. As an interesting byproduct of our computations we get a degeneration of the Hochschild-Serre spectral sequence of crystalline local systems.
Throughout the paper p will be a fixed odd prime, for a field K,K will denote a fixed algebraic closure of K, and, for a scheme X, X will denote the associated formal scheme. Locally constantétale sheaf on X will mean, depending on a context, an element of the Ind-category of finiteétale covers of X or the Indcategory of finiteétale commutative group schemes over X.
2. The categories MF r [a;b] (X) Let V denote a complete discrete valuation ring with a fraction field K of characteristic 0 and a perfect residue field k of characteristic p. Assume that V is absolutely unramified.
Let R be a smooth V -algebra. Fix a semilinear endomorphism : b R ! b R lifting the Frobenius on R=pR. For all integers a, b, a 6 b, we have the following category MF r [a;b] (R;) [5] : an object of MF r [a;b] (R;) is a p-torsion, finitely generated R-module M with a descending filtration F i M such that F a M = M, F b+1 M = 0 and R-linear maps i : F i M R R ! M such that i (x) = p i+1 (x) for x 2 F i+1 M. Let R-module f M be the colimit of the following diagram
The above condition is equivalent to the fact that the maps i induce an R-linear homomorphism : f M R R ! M. One additionaly requires this homomorphism to be an isomorphism.
M is also equipped with an integrable nilpotent connection r:M ! M R 1 R=V satisfying Griffiths transversality, i.e., r(F i M) F i 1 M R 1 R=V : Moreover the maps i are parallel with respect to the map d =p: 1 R=V R R ! 1 R=V . In a more convenient form, the connection r induces a connection (integrable and nilpotent) on f M R R and the above condition is equivalent to the map : f M R R ! M being parallel in the usual sense. Category MF r [a;b] (R;) has many nice properties:
(1) it is Abelian; (2) the filtration is by direct summonds; (3) F i M is locally a direct sum of modules of the form R=p e R; (4) for b a 6 p 1; it is independent of the choice of the Frobenius lift , i.e., if 1 From now on we will assume that 0 6 b a 6 p 2: Let X be a smooth and separated scheme over V . To globalize the above construction one covers X with affines U i = Spec(R i quasi-nilpotent and Griffiths transversal connection, there is a unique filtration on the associated crystal M whose value on X is the given filtration and such that for every thickening U , ! T in Cris(X =Spf(V )), and for every k, J T \ F k M T = J [1] T F k 1 M T + J [2] T F k 2 M T + ;
where J T is the ideal of U in T. In addition, we also know that, for every morphism 
, it easily follows that the natural map !:
Here, b R is the structural map b 
; b a 6 p 2. We will reduce everything above mod p n but, as long as this does not cause confusion, we will try to omit the indices.
Choose Frobenius lifts J on b R J and i on b T i and set J = i . For k 6 p 1 + a, the maps
This is independent of the choice of n such that p n M = 0. Now we globalize. Take an index set K J. There is the obvious restriction map res K;J :(M K ) ! (M J ) . It clearly preserves the filtrations and it is easy to see that it behaves well with respect to the connections. Also, since the following diagram commutes 
is an isomorphism in degrees strictly bigger than a and a surjection in degree a. Indeed, in degree k > a , 0 1:
R=pR is equal to a d =p a 1. Looking at logarithmic differentials we see that it suffices to prove that the morphism a 1: M ! M is surjective in theétale topology of R=pR. That easily follows from the fact that
Proof. From the definition of S(M) we get the long exact sequence
We get the 'Hodge spectral sequence'
Since M 2 M F r 
The ring B +
In the next two sections p is allowed to be equal to 2. Let V be a complete discrete valuation ring of mixed characteristic (0; p ) with a perfect residue field k. Let R be a smooth V -algebra such that R=pR 6 = 0. Consider the p-adic completion b
R. For simplicity, we will assume that Spec(R=pR) is connected, which implies that b R is a normal domain. In general, b R is a product of normal domains and what follows applies to each factor.
We will briefly recall the construction and properties of the ring B + ( b R) [5] . R=p. For n > 0, write n = r(n) + ( p 1 ) q ( n ) , 0 6 r ( n ) < p 1 and set t fng = t r(n) q(n) (t p 1 =p). Proof. The proof follows closely that of Fontaine for the case R = V . We advice the reader to consult [9, 5.3.6] 
The fundamental exact sequence
To proceed we will need few more facts about the structure of the ring B + ( b R). Having that, the arguments of Fontaine [9, 5.2.7] suffice to prove that every a 2 B + ( b R) can be written as a = n>0 a n n (t p 1 =p), where the coefficients a n 2 W(S) converge p-adically to 0. We also have (cf., [9, 5.1.4] We claim that I ( " ; p ) . Take x = (x 0 ; x 1 ; : : : ) 2 I . We want to see that
where the last map sends u = (u n ) to u 0 , is injective, it suffices to prove that x
(1)
R^. But that follows from the proof of Lemma 4.1. Now, since
Thus, to finish it would suffice to know that if px 2 I, then x2I: consider the map !:
Using the above lemma one can prove as in [9, 5. as a = n>0 a n n (t p 1 =p); a n 2 W(S). If a = n>r=(p 1) a n n (t p 1 =p); then n(p 1) > r, a 2 N, and we can take x = a to get (x) a mod pB + ( b R).
Remains to show that, for every i 2 N such that i(p 1) 6 r and all b 2 W(S), there is an x 2N such that the element (x) b i (t p 1 =p), modulo pB + ( b R), belongs to the W(S)-submodule generated by n (t p 1 =p); n > i . 
Fontaine [9, 5.2.5] computed that, in the case p 6 = 2, q=p can be written as 1 + u 1 (t p 1 =p) for some unit u 2 B + ( b R) of the form u = n>0 a n n (t p 1 =p) for a n 2 W(k) converging p-adically to 0. The case p = 2 is simpler: (q=p 1)2pB + ( b R). Thus, if we set u 1 equal to u or 0 depending on the characteristic, we get
which, modulo pB + ( b R), belongs to the W(S)-submodule generated by j (t p 1 =p), j > i , as wanted.
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Remark 3. Since we are dealing in this paper only with the integral theory, that is, our r is never greater than p 2, the above proposition states more than we will need here. Proof of the proposition in the case r 6 p 2 simplifies considerably and can already be found in [5] . 
6.Étale cohomology and Galois cohomology
Let V be a complete discrete valuation ring of mixed characteristic (0; p ) with a perfect residue field k and a fraction field K. We will now introduce, after Faltings [5] , two auxiliary topoi, topoi of 'sheaves of local systems'. Let X be a smooth, separated scheme of finite type over V or a strict henselization of such.
Let e X be the following category. An object of e X is a collection L = ((L U ); (r U 1 U 2 )) of locally constantétale sheaves L U on U K , for everyétale open U of X and, for every pair
r U 2 U 3 r U 1 U 2 = r U 1 U 3 and r U U =id. One also requires that for every tranquated
The category e X is a topos. We will also denote by e X the equivalent topos, where all U's are assumed to be affine.
The following notation will be useful. A presheaf on e X is a collection L = ((L U ); (r U 1 U 2 )) satisfying the usual compatibilities. Every presheaf L has an asso-
where the limit is over tranquatedétale hypercoverings U = (U 1 ! ! U 0 ! U), ker refers to the maximal locally constant subsheaf of the sheaf kernel, and ?
There is a canonical map from theétale topos of X K to e X. First, one equippes everyétale and irreducible U ! X with a geometric generic point, and every map U 1 ! U 2 between two suchétales with a path between the chosen points. Then the inverse image of L by is the direct limit over all tranquated hypercoverings
; the direct image of F associates to U the locally constant subsheaf corresponding to the global sections of F on the universal covering of U K . While computing cohomology of e X it is often convenient to use the left exact functor from e X to theétale topos of X, sending L to
L ) = H ( X;R L).
We also have a projection : e X ! B ( X K ) . The inverse image L associates to j: U ! X, the local system j K L, the direct image L is equal to L X . One checks [5] that, for a locally constant sheaf L on X K , there is an isomorphism H ( e X ; L )' H ( X K ; L ) : it suffices to show that R k L = 0 for k > 0. 
X ; R { { L )' H ( X;R R { { L):
Similarly, H ( e X ; L ) !H ( X;R L). It suffices thus to study the composition
Here R L is the complex of sheaves associated to the complex of presheaves R L , where maps U to the union of these connected components whose special fiber is nontrivial. We will prove that both f and g are isomorphisms (f by a global argument, g -by a local one). 
Cohomology supported on the special fiber
Assume now that V is a complete, absolutely unramified discrete valuation ring of mixed characteristic (0; p ) with a perfect residue field k and a fraction field K. Let X be a smooth, separated V -scheme. We choose, once and for all, for every As in [13] one checks that Griffiths transversality yields that these definitions are, up to canonical isomorphism, independent of the choice of the retraction h. By the above, the morphism (1) is a quasi isomorphism. This sequence yields a morphism
which is functorial with respect to the change of J (note that the restriction maps are independent of the choice of the path between the base points).
To proceed, define the sheaf B + n;m on the topos e X by associating to Spf( b R), 
Denote by U ! X the chosen hypercovering of X. We find the desired morphism l into theétale cohomology as the composition
Here HR(X) denotes the homotopy category of affine hypercoverings of X. By Lemmas 7.1 and 7.2, l defines a natural transformation of cohomology theories l: H f;a;b (X;)!H (X K ;L()):
Everything above is independent of choices. We will now treat products. As we will see in the next section, for sufficiently big p, this long exact sequence splits into short exact sequences. Proof. It follows from the fact that H i f;a;b (X;M) = 0 for i > a + dim X + 1 (Proposition 3.1).
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Duality
Assume that X is proper and smooth over V , of pure relative dimension d. Set G K = Gal( K = K )and B + (V ) m = B + (V )=J [m] B + (V ) . 
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Remark 5. The above result for L(M) = Z =p n (b), 0 6 b 6 p 2, was obtained earlier by Kurihara [11] as a consequence of his study of the relation between the syntomic sheaves and the sheaves of p-adic vanishing cycles.
